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2 Solutions

1. You have a bag containing 3 types of pens: red, green, and blue. 30% of the pens are red pens,
and 20% are green pens. If, after you add 10 blue pens, 60% of the pens are blue pens, how many
green pens did you start with?

Solution: Let the original number of pens be 2b. Because 20% + 30% = 50%, we know that the

number of blue pens is b. Therefore, we wish to solve 2”;&% =60% = % Solving, we get b = 20, so

the initial number of pens was 40. Therefore our answer is 20% - 40 = .

2. Bacon, Meat, and Tomato are dealing with paperwork. Bacon can fill out 5 forms in 3 minutes,
Meat can fill out 7 forms in 5 minutes, and Tomato can staple 3 forms in 1 minute. A form must
be filled out and stapled together (in either order) to complete it. How long will it take them to
complete 105 forms?
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Solution: Together, Bacon and Meat can fill out 5-5+ 7-3 = 46 forms in 15 minutes. Therefore,

it will take them 15- % = %(755 minutes to fill out 105 forms. It will take Tomato % = 35 minutes

to staple 105 forms. Because % < 35, we have that it will take them minutes to complete
105 forms.

3. What is the volume of a cylinder whose radius is equal to its height and whose surface area is
numerically equal to its volume?

Solution: Let the radius of the cylinder be 7. We know the volume of the cylinder is 773, and we
know the surface area of the cylinder is 2712+ 2712 = 4712, Therefore, we wish to solve 713 = 4772,
which gives us r = 4. From here, we have that the volume of the cylinder is 43 - 7 = .

4. Given for some real a, b, c,d,
P(z) = ax* + bx® + cx? + dx
P(-5)=P(-2)=P(2)=P(5) =1
Find P(10).

Solution: Consider the polynomial G(z) = P(z)—1. We know P(z) is a quartic, so we know G(x)
is a quartic with roots of =5, —2, 2, and 5. It follows that G(x) = a(z + 5)(x 4+ 2)(x — 2)(z — 5).
Therefore, P(x) = a(x+5)(x+2)(z —2)(x —5) + 1. Notice that the constant term of G(x) is 100a.
If 100a +1 = 0, we must have a = —ﬁ. It follows that P(10) = _WI()(10+5)(10+2)(10 —2)(10—

5)+1=[—71]

5. Allison wants to bake a pie, so she goes to the discount market with a handful of dollar bills.
The discount market sells different fruit each for some integer number of cents and does not add
tax to purchases. She buys 22 apples and 7 boxes of blueberries, using all of her dollar bills. When
she arrives back home, she realizes she needs more fruit, though, so she grabs her checkbook and
heads back to the market. This time, she buys 31 apples and 4 boxes of blueberries, for a total
of 60 cents more than her last visit. Given she spent less than 100 dollars over the two trips, how
much (in dollars) did she spend on her first trip to the market?

Solution: Let the price of an apple be a dollars, and let the price of a blueberry be b dollars.
Let the number of dollars Allison spent on the first trip be . Then we have 22a + 7b = z, and
3la +4b = x 4+ 0.6. Subtracting the first equation from the second equation gives us 9a — 3b = 0.6,
or 3a —b = 0.2. Solving this for b gives us b = 3a — 0.2. If we multiply the first equation by —4 and
the second equation by 7, and then add the results, we get 129a = 3x + 4.2 or 43¢ — 1.4 = z. If
we let the price of an apple be ¢ cents, then it follows that 0.43c — 1.4 = x or 43¢ — 140 = 100x. It
follows that 43¢ = 40 (mod 100). From here, we can determine that ¢ = 80 (mod 100), so we know
that the price of an apple is some number of dollars plus 80 cents. Notice that the total amount she
spent over the two trips is 2z +0.6 = 86a—2.2. If a were 1.8, then we would have 86a—2.2 > 100, so
we must have a = 0.8. It follows that b = 3-0.8—0.2 = 2.2, and 22a+7b = 2 = 22-0.847-2.2 =
as desired.

6. Ed, Fred, and George are playing on a see-saw that is slightly off center. When Ed sits on the
left side and George, who weighs 100 pounds, sits on the right side, they are perfectly balanced.
Similarly, if Fred, who weighs 400 pounds, sits on the left and Ed sits on the right, they are
also perfectly balanced. Assuming the see-saw has negligible weight, what is the weight of Ed, in
pounds?

Solution: Let the length of the left side be [ and the length of the right side be r. By the Law
of the Lever, if a pounds are placed on the left side and b pounds are placed on the right side, the



UHS Math Club 2017-2018

lever will only be balanced if [-a = b-r. It follows that if Ed weighs E pounds, George weighs 100
pounds, and Fred weighs 400 pounds, we must have [ - E = 100r and 400/ = r - E. Adding these

equations we get [(400+ E) = r(100+ E) or % = 41188153' From the first equation, we know ZTE = 100,

so we know that la%gjr'gz = 100. Simplifying, we get E? = 40000, or E = as desired.
7. Let f(x) = 62+ 7 and g(z) = 7z + 6. Find the value of a such that g~ 1(f~(g(f(a)))) = 1.

Solution: We will proceed by working backwards. If g~1(y) = 1, then we must have g(1) = y, or

y=T7-1+6=13. If f~!(z) = 13, then we must have f(13) = z, or z = 6-13+7 = 85. If g(w) = 85,

then we must have Tw + 6 = 85, or w = Q. If f(a) = 7—79, then we must have 6a + 7 = ?, or
|5

a=\z|

8. Let {an}ff:1 be an arithmetic progression with a; > 0 and 5a13 = 6a19. What is the smallest

integer n such that a, < 07

Solution: Let the initial term be a; = x and the common difference be d. Then we have 5(z +
12d) = 6(x+18d), or x = —48d. Because x > 0, we must have d < 0. Now, because a,, = z+(n—1)d,
we must have a, = —48d + (n — 1)d < 0. Clearly, the smallest value of n that satisfies this is

4941 =50}

9. Simplify
[log,,. (x*)][1 + log, y + log, 2]
where © = 628,y = 233, z = 340.

Solution: Notice that 1+ log, y + log, z = log, x +log,, vy + log, z = log, xyz. Therefore, we wish
to compute [log, zyz][log,, . v*]. By the properties of logarithms, this is equivalent to log, 7* =

- —[310]

10. The roots of the equation z® 4+ ax? 4+ bx 4+ ¢ = 0 are three consecutive integers. Find the

i lue of 42
maximum value O m

Solution: Let the roots be r — 1, r, and r + 1. By Vieta’s Equations, we know r — 1 +r+7r+1 =
3r = —a. We also know that b= (r — 1)r+ (r + 1)r + (r — 1)(r + 1) = 372 — 1. Therefore, we wish

.. (737")2
to maximize 37141

11. Denote S,, =1 + % + % +---+ % What is 144169 * Si44169 — (S1 4+ Sy 4+ 5144168)?
Solution: Notice that Sy + Sy + S3+-+-+ S, => 1 >¢ L =37  ndloe 5 (ot )

=1 T =1\ z

Therefore, Si+Sa+S3+ -+ S144168 = Dot 144169 _ 144168. We also know that 1441695144169 =

=1
144169 144169 - 144169 144169 144168 144169 _ 144169
> vt ~>=.  Therefore, our sum is ) ) ( ) — 144168) +

=1 T =1 T T 144169
144168 =|144169 |.

12. Given f(z) = -2, then express
not be in your answer, only f(z).

= 3 when r is nonzero. Therefore, our answer is .

9(z2—22+1)

7 s.11g eutirely in terms of f(z). In other words, z should

[y

Solution: We wish to express (3-£=1)? in terms of —2-. Notice that 1 — f(z) = 2=} — -2 = =1,

xr—

[ay

Lo 332 9
SO our expression is (17f(x)) =1 () + @)
Note: This is also equivalent to f(f(x))2.

13. Suppose that f(z) = 25 + az® + ba* + ca® + d2? + ex + f, and that f(1) = f(2) = f(3) =
f(4) = f(5) = f(6) =7. What is a?
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Solution: Consider the function g(z) = f(z) — 7. We know that g(z) is a 6th degree monic
polynomial with zeroes at 1,2, 3,4, 5, and 6. Therefore, g(z) = (z—1)(z—2)(x—3)(x—4)(z—5)(z—6)
and f(z) = (z — 1)(x — 2)(z — 3)(x —4)(x — 5)(z — 6) + 7. From here, it is easy to see that the
coefficient of 2% in f(z)is —1 —2—-3—4—5—6=|-21].

14. There are two non-consecutive positive integers a, b such that a> — b*> = 291. Find a and b.

Solution: Notice that this equation is equivalent to (a — b)(a +b) = 291 = 3-97. Because a and b
are non-consecutive, we know a — b is not 1. Because a and b are positive, we know a — b < a + b.
It follows a — b = 3 and a + b = 97. Solving, we get a = 50 and b = 47. Therefore, our answer is

.17)

15. Let 71, 79,73 be the roots of f(z) = 23 — 622 — 52 4+ 22. Find - + 1+ 1

r17T2 r2r3 r3ry’
Solution: Notice that riry = 22" By Vieta’s Equations, we know rirorg = —22. Therefore, we
wish to find =4y + -5 + -2 = —%(rl +ry+73). By Vieta’s Equations, we also know r;+ro+7r3 = 6.
s tg 1
) 3
Therefore, our answer is 5—26 =|——|
11

w
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